Abstract. Calculations of the spontaneous polarization (P s ), dielectric susceptibility (χ) and pyroelectric coefficient (Π) of the ferroelectric films have been performed in the thermodynamic phenomenological theory framework. The Euler-Lagrange equation determining polarization dependence on the film parameters and the external electric field was solved analytically under the boundary conditions with different extrapolation lengths at two surfaces, respectively. The depolarization field contribution was taken into account in the model of short-circuited mono-domain ferroelectric film, treated as perfect insulator. The detailed analysis of the aforementioned quantities, space distribution and their average values in two cases with and without depolarization field was carried out. It was shown that the depolarization field shifts critical temperature to smaller values and the critical thickness to bigger value in comparison to those obtained without accounting the depolarization field. Meanwhile average values of P s , χ and Π dependences on the film parameters and temperature are similar to the corresponding dependences obtained without accounting the depolarization field. The depolarization field was shown to flatten P s , χ and Π space distributions, which have the peculiarities otherwise (e.g. small maxima in χ and Π coordinate profiles near the film surfaces). It was shown that depolarization field influence in short-circuited film could be neglected when the film thickness or the extrapolation lengths in the boundary conditions are larger than the correlation length value.
Introduction
Depolarization field plays an important role in physics of ferroelectrics because it tends to destroy spontaneous electric polarization that is known to be an order parameter of these systems. The domain structure formation and the presence of free carriers are the main internal factors that tend to decrease this field influence. External condition of short-circuited ferroelectrics results in the complete compensation of the depolarization field for the bulk material. But it is not the case for the thin ferroelectric film [1] because of its inhomogeneous polarization related to the contribution of surface effects. Moreover, there is an essential difference between the domain structure of the bulk material and that of the film (see e.g. [2] , [3] ), namely, the thinner the film the better conditions of mono-domain state appearance. On the other hand, mono-domain ferroelectric films self-polarized in the direction normal to the surface can be obtained under special technological conditions [4] . Taking into consideration that in many cases the conductivity of ferroelectrics is small enough (see e.g. [5] ) it is reasonable to consider the model of the depolarization field influence, which is proposed in [1] : mono-domain ferroelectric film under short-circuit conditions, ferroelectric treated as perfect insulator. The consideration in [1] was carried out in the phenomenological Ginzburg Landau theory approach with polarization values on both film surfaces supposed to be the same, although in general case they have to be different. Another disadvantage of this work is related to the fact that only the ferroelectric phase polarization in the thick film (where the average polarization is equal to the bulk material value) is studied.
In our work, we performed the calculation in the same model but without the aforementioned limitations. Keeping in mind that the most part of the works published in the previous years have been performed without taking into consideration the depolarization field influence (see e.g. [6] SQO, 5(2), 2002
[8]) here we represent the detailed comparison of the ferroelectric film P s , χ and Π space distributions and the average values obtained within the framework of models with and without taking into consideration depolarization field. This made it possible to clear up the cases and conditions at which the depolarization field can be neglected qualitatively or even quantitatively.
Basic equations
Let us consider thin ferroelectric film polarized along zaxis (i.e. P z ≠0, P x = P y =0), which is perpendicular to the film surface. This type of polarization can appear as a result of self-polarization of a film grown under special technological condition without application of an external electric field [4] .
An equilibrium value of polarization can be obtained in the framework of the phenomenological thermodynamic theory from the minimum of the functional for free energy [9] . In the considered case of polarization perpendicular to the surface of the film, it is necessary to take into account depolarization field, which is proportional to the value of polarization and has the opposite direction, so it destroys P s . In accepted model ferroelectrics is regarded as a perfect insulator under short-circuit conditions. Taking into account the symmetry of considered structure (i.e. the film polarization depends only on the coordinate z) one can write the free energy density functional as follows:
Here, l is thickness of the film, the coefficient a depends on temperature T as α=α 0 (TT c ), T c is the temperature of the transition from paraelectric to ferroelectric phase in bulk ferroelectrics, E z is the external electric field, δ 1,2 are extrapolation lengths. The last two and previous two terms represent depolarization field energy and surface one, respectively. In what follows, we will consider the case of positive extrapolation lengths, when polarization on the film surface is smaller than in the film centre. Only in this case surface effects can lead to the size-driven phase transition [7] .
The minimization of the functional (1) results in the following equation determining the space distribution of polarization over the film thickness:
with boundary conditions on film surfaces:
The last two terms in Eq. (2a) represent the depolarization field:
Here, the first term is depolarization field for the freestanding film, and the second one is the compensating field of free charges on the short-circuiting electrodes. It is evident that depolarization field (3) equals to zero, when the space distribution of polarization is homogeneous.
Paraelectric phase
The equation (2a) for the space distribution of polarization is a non-linear inhomogeneous integral differential equation, and it is cumbersome to solve it analytically. But in paraelectric phase, where P s equals to zero and polarization is proportional to external field, the nonlinear term in Eq. (2a) can be negligibly small. Therefore, the solution of this linear equation can be expressed in terms of elementary functions, so subject to boundary conditions (2b) the space distribution of polarization in this case has the following form: Here all indexes z is omitted, angle bracket means zcoordinate averaging, and the following designations are introduced:
The average polarization of the film can be easily derived from (4):
Note that in the case d 1 =d 2 the space distribution of polarization in paraelectric phase (4) and its average value (6) coincides with those obtained earlier [1] .
The derivative χ=(dP/dE)| E=0 represents linear dielectric susceptibility of the film. The analysis of the expression (6) has shown that value of χ is positive when either f<0 (i.e. α>0, T>T c paraelectric phase of bulk ferroelectrics) or f>0 and Φ>f (T<T c -ferroelectric phase of bulk ferroelectrics, but paraelectric phase of ferroelectric film). When equality Φ=f is valid, the value of χ becomes infinitely large, so the considered system undergoes a phase transition.
Because of f and Φ values dependence on thickness and temperature, equation Φ=f determines critical temperature T cl at fixed thickness or critical thickness l c at fixed temperature.
The parameter f value can be evaluated as 1/ε, where ε is the dielectric permittivity of bulk ferroelectrics in paraelectric phase. Therefore, it is much smaller than unity, so the equation determining the phase transition point can be rewritten as follows: 
or in more visual form:
Here, l 0 (0) is the correlation length at zero temperature.
As it follows from Eq. (9b), if the thickness value is less than l c (0
, then critical temperature becomes negative, i.e. phase transition vanishes. Therefore, ferroelectric phase transition in a film can be achieved by changing the film thickness at some fixed temperature or by changing the temperature of the film with fixed thickness. As a matter of fact, the curve described by equations (9a, b) determine phase boundaries between paraelectric and ferroelectric phases, i.e. the phase diagram in coordinates temperature -thickness of the film, which is depicted in Fig.1 by solid curves for the different values of the extrapolation lengths, critical thickness value l c (0) being the cross-point of the curves with abscissa axis. Namely, at l<l c (0) paraelectric phase (polarization P s =0) exists in all temperature region, while at l>l c (0) it can be both ferroelectric phase (P s ≠0) at T<T cl and paraelectric phase at T>T cl .
It is seen from Fig. 1 that depolarization field decreases critical temperature and increases critical thickness, these effects being stronger under decreasing the extrapolation When inequalities Φ<f and f>0 are valid, polarization determined by equation (4) becomes negative, so nonlinearity in equation (2a) cannot be neglected.
Ferroelectric phase

Free energy
In ferroelectric phase, i.e. in the region l>l c (0) and T<T cl non-linearity needs to be taken in consideration. The simplest way to take it into account is the direct variational method. We choose the solution (4) as a trial function and an amplitude factor will be treated as a variational parameter. It should be noted, in ferroelectric phase (i.e. under condition h≥(U 1 +U 2 )/f) and in the case of small f values one can suggest h>>1, so the expressions for the function ϕ(ξ) can be essentially simplified. Therefore, we will look for the polarization space distribution in ferroelectric phase in the following form:
Where P is the variational parameter that represents the amplitude of the polarization space distribution.
After integration of the free energy density (1) with trial function (10), one can easily obtain free energy density as follows:
Keeping in mind that the polarization average value is 〈P〉=P(1−A 1 ), one can rewrite Eq.(11a) in the form:
Here the following designation are used
Coefficients in the free energy written as power series over the polarization amplitude P (11a) or the polarization average value 〈P〉 (11b) depend not only on the temperature but on the film thickness and extrapolation lengths, too. We found that the dependence of the coefficient of polarization to the fourth power on the film thickness and temperature is weak, while the coefficient of the second power polarization tends to zero in the size-driven phase transition point, i.e. when reaching the critical temperature or thickness.
Note that for bulk ferroelectrics, i.e. in the case the film thickness tending to infinity, it is seen from Eq. (12) that quantities A 1 and B tend to zero, and hence the free energy densities both (11a) and (11b) tend to well known expression for free energy
. It is evident that the difference between this expression and Eq.(11b) can be reduced to the renormalization of coefficients α and β, but free energy (11) consists of terms, which are determined by the correlation energy, surface energy and depolarization field energy. All these quantities are contained in the free energy density (1) of the considered system and mainly reduced to the first term in the free energy (11) . Therefore, the free energy functional (1) is reduced to the conventional free energy form (11) allowing for Eq. (10) determining the polarization space distribution in the ferroelectric film.
It should be noted that Eq. (2a) could be linearized and easily solved analytically in two important cases: in the vicinity of the phase transition, where P s tends to zero and can be considered as the small parameter, and 
Spontaneous polarization
The equation determining the relation between the maximal value of the polarization and external field, temperature, film thickness and other parameters of the considered system can be easily obtained by minimization of Eq. (11a) on parameter P. Despite the analytical solution of this equation exists for arbitrary external field value, it is rather cumbersome and difficult to analyze it. Hereinafter we consider in details two physically meaningful cases: zero external field and small external field value.
In the first case one can find following expression for the space distribution of spontaneous polarization P s =P(E=0) and its average value:
Where P s0 = β α − is the homogeneous spontaneous polarization of bulk ferroelectrics at T ≤ T c . As it follows from these expression, P s tends to zero when it reaches the phase transition point and exists only under condition f ≥ A 1 =(U 1 +U 2 )/h, as it should be suggested. The expressions (13a) with respect to Eqs. (5), (7), (12) determine P s space distribution and average value dependence on the film thickness and temperature.
Average value of P s can be simplified in the vicinity of ferroelectric phase transition and for the films with large thickness. In these regions P s dependence on the film thickness can be written in the simple form: (13b) Here proportionality coefficients are omitted because of their cumbersome form and weak dependence on the temperature and extrapolation lengths. Notice, that their value are close to unity. For the arbitrary film thickness value, the polarization has to be calculated using Eqs (13a).
The space distribution of P s (the scale z/l 0 , here l 0 = α γ − is the correlation length at T ≤ T c ) and its average value dependence on the film thickness (the scale l/ l 0 ) is depicted in Fig.3 by solid curves and dotted curve, respectively, for the different values of parameters. It can be easily seen that the polarization space distribution remains smooth in the most part of the film even for the thin film with thickness in the vicinity of critical value l c (see solid curves 1 and 2), where P s tends to zero. This phenomenon can be explained by the influence of the depolarization field that tends to flatten the polarization space distribution (compare the solid and dashed lines).
One can see also that depolarization field influence depends on the film thickness: the thinner the film the larger the depolarization field value. To illustrate this phenomenon, in the inset to Fig. 3 we represented the dependence of the ratio of the depolarization field in the film center to the coercive electric field E c0 for the bulk ferroelectrics on the film thickness. It is seen that depolarization field increases when the film thickness decreases up to a maximum value, that is approximately equal to the coercive electric field, and then abruptly decreases to zero in phase transition point.
The space distribution of the depolarization field (solid curves) and P s (dashed curves) in the vicinity of film surface is represented in Fig. 4 . As it is shown in this picture, these quantities deviate from the homogeneous space distribution within the range of l d order related to the strength of correlation energy in the free energy density (1). It is also seen that in this region depolarization field has the same direction as polarization, but with increasing the distance from the surface depolarization field becomes negative (see inset to Fig.4 ) This behavior explains the flattening and decreasing of the polarization caused by depolarization field (compare the solid and dashed curves in Fig. 3 ).
The dependence of P s average value on temperature is shown in Fig. 5 . One can see that this dependence general form undergoes minor changes in comparison with that of bulk material polarization, but only the critical temperature value is shifted with changing the film thickness.
Dielectric susceptibility and pyroelectric coefficient
In the case of small external electric field one can obtain linear dielectric susceptibility χ=(dP/dE)| E=0 of the film in ferroelectric phase from the free energy density (11):
Here, χ 0 =1/(-2α) is dielectric susceptibility of bulk ferroelectrics at T ≤ T c . The value of χ (14) becomes infinitely large in the phase transition point. The analysis of the expressions (6) and (14) have shown that on the equal distances from the critical value (not far from it) average dielectric susceptibility in paraelectric phase is two times larger than average χ in ferroelectric phase like that for bulk ferroelectrics. Average value of χ can be simplified in the vicinity of ferroelectric phase transition and for the films with large thickness. In these regions χ dependence on the film thickness can be written in the simple form:
For the arbitrary film thickness value χ has to be calculated on the base of Eqs (14a).
The space distribution of χ in ferroelectric phase over z coordinate (the scale z/l 0 ) and its average value dependence on the film thickness (the scale l/l 0 ) is depicted in Fig. 6 by solid curves and dotted curve, respectively. Comparison of dashed and solid curves shows that the depolarization field presence increases χ value for the thin films in the vicinity of the critical thickness value (see curves 1). But for the films with thickness several times larger, χ space distribution obtained without taking into account the depolarization field has the maxima near the surfaces (see dashed curve 5) contrary to χ space distribution obtained with taking into account the depolarization field (see solid curve 5) that remains flat. In these regions, the depolarization field decreases χ value. It seems to us that experimental observation of χ maxima in the vicinity of film surfaces could be considered as manifestation of the depolarization field complete compensation. On the other hand the flatness of χ space distribution (like solid curves in Fig. 6 ) gives evidence of depolarization field presence. More detailed form of χ space distribution near the film surface for this case is shown in the inset (a) to Fig. 6 . The dotted line in the inset (b) reflects the linear dependence of the inverse average χ on the inverse film thickness value in all the region l≥l c and not just in the regions l>>l c and l≈l c as it is shown in Eqs (14b).
The dependence of the inverse average value of χ on temperature is represented in Fig. 7 . One can see that temperature dependence of the film average χ resemble that of the bulk materials with the critical temperature T cl value being dependent on the film thickness and presence or absence of depolarization field as it is shown in Fig.1 . Pyroelectric coefficient Π=dP s /dT can be obtained by direct differentiation of the corresponding expression for polarization on temperature. In addition it is necessary to take into account the dependence of the parameter f on temperature (see definitions (5)) and the dependence of other parameters on f (see equations (7), (10) and (12)).
One can obtain from Eq. (13) the following expression, determining the space distribution of Π: Here, Π 0 =dP s0 /dT is the pyroelectric coefficient of bulk ferroelectrics below critical temperature T<T c , the following designation are used
and the following function is introduced:
The average value of Π one can be easily obtain from Eq. (15a):
Average value of Π can be simplified in the vicinity of ferroelectric phase transition and for the films with large thickness. In these regions, Π dependence on the film thickness one can find in the form:
Here, proportionality coefficients are omitted because of their cumbersome form and weak dependence on the temperature and extrapolation lengths. Notice, that their value are close to unity.
The space distribution of Π over z coordinate and its average value dependence on the film thickness are depicted in Fig.8 . The dependence of the inverse average value of Π/Π 0 on temperature practically coincides with the dependence of average value of P s /P s0 (see Fig.5 and inset to it). One can see that qualitatively the behaviour of Π space distribution and average value resembles that of χ, but Π diverges at the phase transition point with a critical index 1/2 (see Eqs (15) - (16) and inset (b) in Fig. 8 ), χ diverges but with a critical index 1 (see Eqs (14a), (14b) and inset (b) in Fig. 6) .
Therefore, the behavior of the average quantities, including proportionality of the inverse average value of Π to the average value of P s , is similar to that in bulk materials. This phenomenon may be the consequence of coincidence of the free energy (11b) for 〈P〉 value with that in bulk materials, including the fact that only the coefficient before 〈P〉 2 in Eq. (11b) essentially depends on temperature. This coefficient and the coefficient before 〈P〉 4 have the strong dependence on the film thickness and extrapolation lengths (see Eqs (12) , (7), (5)). This lead to the dependence of average film properties on the film characteristics.
Model without taking depolarization field into consideration
In order to discuss the depolarization field influence let us consider briefly the model without accounting the depolarization field (see dashed lines in Figs 1, 3, 6 and 8 ). In this case the equation determining the space distribution of polarization over the film thickness has the form Eq. [10] , and constants m and z 0 have to be determined from the boundary conditions (2b). Using the properties of the elliptic functions it is easy to obtain equations, which these constants satisfy:
Where K(m) and F(ϕ,m) are complete and incomplete elliptic integrals respectively [10] , and the following designation are introduced: It should be noted that nontrivial solution of equation (2a) at temperature region above critical temperature T>T c and zero electric field E=0 cannot satisfy boundary conditions (2b) with positive extrapolation lengths, so only trivial solution P s =0 can.
The parameter m varies from 0 to 1 in Eqs (17) -(19), otherwise P s were a complex number. As it follows from Eq. (18a), limit m→1 corresponds to the film with thickness l>>l 0 , i.e. bulk material, and under condition m→0 the value of thickness l tends to some critical value l ñ , which corresponds to zero value of P s space distribution (17). When thickness of the film is less than critical one, P s is absent. The critical thickness can be expressed as:
This equation represents the critical thickness at which size-driven ferroelectric phase transition arises, i.e. ferroelectric phase disappears in the films thinner than critical thickness l c . Therefore, phase transition from ferroelectric phase (P s ≠0) to paraelectric phase (P s =0) can take place with decreasing the film thickness (sizedriven phase transition) at fixed temperature below the critical temperature of bulk ferroelectrics, T<T c .
On the other hand, phase transition point can be achieved at fixed thickness l by changing the film temperature, since the correlation length The respective differentiation of Eq. (2a) with the last two terms omitted and Eq. (2b) on temperature and external electric field gives the differential equations and the boundary conditions determining Π and χ space distributions, respectively. The homogeneous solution of these equations, which is the particular case of the Lame equation, is a sum of Lame functions of the first and the second kind [11] . The inhomogeneous solution of these equations can be obtained by the method of variation of constants (see [12] for details).
Average values of P s , χ and Π can be simplified in the vicinity of ferroelectric phase transition and for the films with large thickness. In these regions, all these quantities dependence on the film thickness one can find in the form, similar to Eqs (13b), (14b), (16b), respectively, with proportionality coefficients being order of unity and weakly dependent on the temperature and extrapolation lengths. Note that in these equations critical thickness l c is regarded as the quantity determined by Eq. (20).
Discussion
As it follows from the above consideration the depolarization field does not change the general form of P s , χ and Π average values dependence on the film thickness and temperature. The depolarization field smoothes these quantities space distributions and, in particular, destroys the maxima near the film surfaces in the space distributions of χ and Π, obtained in the case when depolarization field can be neglected.
The main effect of the depolarization field is the shift of the boundary between paraelectric and ferroelectric phases on the phase diagram temperature film thickness to the larger thickness value as one can see from Fig.1 . This shift can be especially large for the thin film
